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The paper presents an extension to the spheropolyhedra method for the simulation of granular materials
comprising particles of general shapes with bonding. A bonding, cement, or cohesion model for particles
sharing common faces is introduced. The bonding force is elastic and has a strain-based breaking
threshold for modelling fracture. An initial study is conducted based on the Brazilian tensile test
to check how the parameters of the proposed model affect the principal variables measured in this
test. Afterwards, solid cubic blocks are then subjected to a triaxial test to explore the mathematical
macroscopic failure model. It is found that the peak strength envelope is the product of the superposition
of frictional and fracture failure mechanisms. The fracture failure is mainly produced by an avalanche of
broken cohesive bonds. The intensity of the avalanche exhibits a power law distribution, as reported
in previous studies. The method allows for random divisions of solid bodies without any pre-existing
internal voids. It offers a natural, effective tool to model, simulate and study fragmentation processes
in 3D.

© 2011 Elsevier B.V. All rights reserved.
1. Introduction

Fragmentation processes have important applications in many
fields, including civil and mining engineering, and powder technol-
ogy. There are innumerable unresolved problems related to frag-
mentation phenomenon; for example, how to reduce the energy
required to obtain a desired rock fragment size or how to min-
imise the amount of powder resulting by blasting.

One simple approach applied to the study of fragmentation pro-
cesses is to consider clusters of particles joined by bonding or
cohesive forces. These cohesive forces may have many different
physical origins, but their effect is the same: opposing the relative
displacement between particles, up to a certain threshold value.
Examples of these kinds of cohesive forces are mineral cementa-
tion, capillarity forces present in unsaturated soils, and van der
Waals forces for fine particles like clays.

Models developed to describe fragmentation tend to be very
specific to the problems under investigation. Fractures and com-
minution have been studied by means of statistical models [1],
FEM based models [2] and models using the Discrete Element
Method (DEM) [3,4].

Discrete element-based models have some advantages over
continuum-based models, mainly because the fracture propagation
is discrete in nature. In some FEM schemes, the initial point of the
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fracture must be artificially introduced, and subsequently the prop-
agation is simulated. In contrast, the initiation crack point in DEM
simulations is defined by the broken bonds between the discrete
particles, without any external intervention. Moreover, the DEM
simulation allows the relationship between the local force thresh-
olds and the macroscopic strength parameters of the sample to be
explored.

Most DEM codes are built in 2D, with polygons representing
the grains. In codes with discs or spheres, bonding is modelled as
a set of beams joining the particles with strain thresholds to model
the breaking process. In 2D polygonal particles have been used to
mode cohesive assemblies [5,3,6,7]. However, in 3D the spherical
element is still predominantly used [8,4,9–14]. Representing solid
bodies as clusters of bounded spheres has drawbacks due to the
voids that are present in every packing of spherical particles, re-
gardless of their diameter distribution. Therefore the porosity n be-
comes another parameter to be fitted with experimental data [15].
Moreover, the force model for bounded spheres requires the defi-
nition of a small boundary value problem, including the mechan-
ical behaviour of “microscopic” beams under bending and torsion,
mainly to prevent relative rotations and introduce artificially the
effect of particle shape. Polyhedra, and in particular Voronoi mesh
based DEM models, have been used before [16] to model fracture.
These models however depend heavily on the mesh, declaring stiff-
ness matrices to calculate the force on the mesh nodes just like
in FEM methods used for elasticity. Once the mesh is destroyed
by the fracture, the interaction between fragments is ignored. In
reality, even if the bonding force ceases to exist, the fragments
can interact by means of elastic and friction forces which are not
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Fig. 1. A 3D sphero-cube: Initially the cube is eroded or shrunk by a distance equal
to the sphere radius, and then is dilated by the same sphere. After this morpholog-
ical transformation the cube ends up having rounded corners.

considered in these models. There are also softer models for in-
terparticle cohesion to model weaker adhesive forces such as the
capillarity interaction [17–19] and the electrostatic adhesion of dry
powders [20,21] but these are unsuitable to model rock behaviour
and are mostly formulated for spherical elements.

In an earlier study [22], the authors introduced a new way to
model particles in 3D using Voronoi-spheropolyhedra tessellations.
The present paper, extending this study, introduces a natural and
consistent method to simulate bonding between granular particles.
Thus fragmentation and fracture processes can fundamentally be
investigated. With the proposed model, solid objects with no inter-
nal voids can be modelled. Moreover, combined with the Voronoi
construction, the strain threshold values have a random distribu-
tion and hence are suitable to simulate heterogeneous materials.

This paper is organised as follows: in Section 2 the model is de-
scribed in detail; followed by a study of the well-known Brazilian
Tensile Test [23–25] in Section 3. In Section 4, a detailed study of
a solid body response in a True Triaxial Test is presented, followed
by some final discussions in Section 5.

2. The model

2.1. Collision detection

The spheropolyhedra method was initially introduced by
Pournin [26] for the simulation of complex-shaped DEM parti-
cles. Later, it was modified by Alonso Marroquin [27], who intro-
duced a multi-contact approach in 2D allowing the modelling of
non-convex shapes and was extended to 3D by Galindo-Torres et
al. [28]. A sphero-polyhedron is a polyhedron that has been eroded
and then dilated by a sphere element as seen in Fig. 1. The result
is a polyhedron of similar dimensions but with rounded corners.

The best advantage of the spheropolyhedra technique is that it
allows for an easy and efficient definition of contact laws between
the particles. This is due to the smoothing of the edges of all geo-
metric features by circles (in 2D) or spheres (in 3D).

Regarding the contact between two generic particles P1 and P2,
first one has to consider the contact between each geometric fea-
ture of particle P1 with all features of particle P2. In mathematical
notation, both P1 and P2 have a set of vertices {V i

1,2}, edges {E j
1,2},

and faces {F k
1,2}. Thus, a particle is defined as a polyhedron, i.e. a

set of vertices, edges and faces, where each one of these geomet-
rical feature is dilated by a sphere.

For simplicity, lets denominate the set of all the geometric fea-
tures of a particle as {Gi

1,2}. Now the function representing this
topology can be defined as the distance function for two geomet-
ric features according to

dist
(
Gi

1, G j
2

) = min
(
dist( �Xi, �X j)

)
, (1)

where �Xi is a 3D vector that belongs to the set Gi
1. This means that

the distance for two geometric features is the minimum Euclidean
distance assigned to two points belonging to them.

Since both particles are dilated by their sphero-radii R1 and R2,
it can be said that there is a complete contact when the distance
between the two geometric features is less than the addition of
the corresponding radii used in the sweeping stage, i.e.:
dist
(
Gi

1, G j
2

)
< R1 + R2. (2)

Here, the advantage of the spheropolyhedra technique becomes
evident since this definition is similar to the one for the contact
law of two spheres [29].

Now, suppose that the minimum distance for the sets G1 and
G2 is given by the Euclidean distance between two of their points
�X1 and �X2. This allows for the definition of a normal vector �n given
by:

�n(
Gi

1, G j
2

) = �X2 − �X1

‖�X2 − �X1‖
. (3)

With this definition, the same expression for the forces defined in
conventional DEM codes (for spheres only), can be easily employed
in this new method. For example, we can assume a normal elas-
tic force �Fn proportional to the overlapping length (see e.g. [29])
defined according to

�Fn
(
Gi

1, G j
2

) = Knδ
(
Gi

1, G j
2

)�n(
Gi

1, G j
2

)
, (4)

in which Kn is a parameter called the normal stiffness and

δ = dist
(
Gi

1, G j
2

) − R1 − R2 (5)

is the overlapping distance between the two geometric features.
The previous normal force is defined for a pair of geometric

features. The net elastic force is the addition of all these forces
for each possible pair of geometric features. However, for general
polyhedra, it is only necessary to consider the interactions between
vertices and faces and the interaction between edges and edges.
The net elastic force is expressed as,

�Fn(P1, P2) =
∑

F i
1,V j

2

�Fn
(

F i
1, V j

2

) +
∑

V i
1,F j

2

�Fn
(

V i
1, F j

2

)
(6)

+
∑

Ei
1,E j

2

�Fn
(

Ei
1, E j

2

)
, (7)

where only the necessary interactions are included in the sum-
mation. Figs. 2(c) and 2(b) illustrate these two types of interac-
tions.

In the spheropolyhedra formalism, a sphere is just a set con-
taining one vertex positioned at the center of the sphere. The
sphero-radius is equal to the radius of the sphere and the inter-
action considers only the vertex–vertex interaction,

�Fn(P1, P2) = �Fn(V 1, V 2),

as explained in Fig. 2(a).
Likewise, frictional forces are simply introduced by means of

the Cundall–Strack spring method [30], where there is a static
friction force given by an incremental tangential displacement �ξ ,
defined according to

�Ft = Kt �ξ (8)

in which Kt is the tangential stiffness and �ξ has an incremental
change defined as follows:

d�ξ = �vt dt. (9)

Here, dt is the time step and �vt is the component of the rela-
tive velocity at the point of contact that is tangential to the normal
vector given by Eq. (3). When Ft > μFn , then the force becomes
�Ft = μFn�ξ/ξ . Due to particle rotations, �ξ may not be perpendicu-
lar to the normal vector at a given time step. To prevent this, at
each instant the normal component (�n · �ξ ) is subtracted from it as
indicated in previous studies [20]. See Fig. 3.
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Fig. 2. Definition of the overlapping distance δ: (a) vertex–vertex; (b) edge–edge; (c) vertex–face.
Fig. 3. The value of the tangential force Ft grows proportionally to the displacement
χ but when the Coulomb threshold (μFn) is reached, it immediately takes this
value.

Another (viscous) force is introduced here to account for the
proper stability of the simulation. This is defined according to

�F v = Gnme �vn + Gtme �vt (10)

in which, Gn and Gt are the normal and tangential viscous coef-
ficients, respectively, �vn is the normal component of the relative
velocity at the point of contact and me is the effective mass of the
particles pair.

Finally, all these forces are added to obtain the net force over a
particle. Afterwards, Newton’s second law is solved for which here
the Verlet algorithm is employed [31]. Each of these forces also
provides the torque, where the point of application is at the mid-
dle of the line connecting the two contact points for each pair of
geometric features that are in contact. With the torque, the angu-
lar dynamical equation of movement is solved with the Leap Frog
algorithm [28,32].

Recently, the Voronoi construction in 3D was also included into
the model in [22], opening the possibility of modelling solid bodies
with no internal voids. It is explained briefly in Fig. 4. The advan-
tage of the Voronoi tessellation is the possibility to have random
partitions of solids, and therefore, the possibility to run Monte
Carlo like simulations for the same set of parameters.

2.2. Bonding model

To model bonding, an elastic force is assumed to act between
two adjacent spheropolyhedra sharing a common face. The most
common force used is the Euler’s beam [33]. Hereby we present
a simplified model applied for the spheropolyhedra. It can be ob-
served in Fig. 5 the three relative displacements that our model
aims to prevent: the normal εn and tangential εt strains and the
angular displacement along the normal axis θ . The expression for
the proposed cohesive force in the normal direction is given by:

�F n = Bn AR(εn)
�̂n, (11)

in which Bn is the elastic modulus of the material, A is the shared
face area, εn is the normal strain, and �̂n is the face normal unitary
vector. The function R(x) is the ramp function,
R(x) =
{

x if x > 0

0 otherwise

}
, (12)

which ensures that this force only opposes tensile deformation. In
the case of compression (εn < 0), the elastic force of Eq. (6) acts
and therefore no action from the cohesive force is needed. With
this, the compression modulus Ec is mostly controlled by the pa-
rameter Kn , as we will show later on, and the tensile modulus Et

by Bn . This is an important feature since experimentally both mod-
uli are different [34]. The normal force has exactly the same form
as the one used by the beam model [4,33], except that in their case
they considered spherical elements and the area A is not related to
any geometrical feature but to the artificial beam. It is also impor-
tant to mention that this normal force only acts in the case of an
extension strain. Tangential displacements may also occur and the
bonding force shall deal with them accordingly. Hence, a similar
force is introduced for the tangential direction, as follows:

�F t = Bt Aεt
�̂t, (13)

in which Bt is the tangential elastic modulus, and εt is the tangen-
tial strain in the direction given by the unitary vector tangential to

the common face �̂t . Here the ramp function R(x) is not included
since the elastic force (6) does not oppose tangential movement.

Both strains are computed at a common point, which is set at
the equilibrium position at the beginning of the simulation. This
point is chosen to be the face centroid. Since faces are polygons,
each face can be considered to be a plane and the common cen-
troid coordinates on these planes are retained in memory. By the
movement and rotation of the faces, the centroid position is dif-
ferent when computed on one face or on the other, and by this
relative displacement the strains are obtained.

With spherical elements [4,3,35], torques are also included to
prevent the relative rolling of the particles. In the present model,
this is not needed, since the real geometry of particles will nat-
urally force the resistance due to rotations. Any relative rotation
along an axis perpendicular to the normal vector will be repelled
by the elastic collision force. The only torque �τ that needs to be
considered is the one opposing rotations in the normal direction,
as follows:

�τ = Bm Aθ �̂n, (14)

in which Bm is a modulus representing the resistance to rotation,
and θ is the angular displacement in the normal direction which
can be easily computed from the relative positions of the vertices
of each face. Although this torque is needed for the completeness
of the model — since the cohesive interaction must oppose any
relative movement along all the possible degrees of freedom —
we have observed that in most cases is not necessary and can be
turned off. In the case illustrated in Fig. 5 this torque is needed
since there is no entity opposing the relative rotation of the cubes.
But in other configuration such as the Voronoi packing, the DEM
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Fig. 4. The Voronoi construction explained. (a) The points are randomly distributed in the space and then their corresponding Voronoi polygons (polyhedra) are built by
bisecting the joining lines between the given points and its closer neighbours until a convex and closed polygon is obtained. (b) The Voronoi concept extended to 3D.

Fig. 5. Two sphero-cubes joined together by a flexible joint representing a bonding or cohesive interaction between them. The bonding force has two components for the
normal and tangential directions to the common face. When the two sphero-cubes rotate and the faces’ normal vectors are not longer aligned, the mean normal direction is
considered for the force calculation. εn and εt are the normal and tangential strains and θ is the angle of relative rotation along the normal axis.
particles are closely packed together and they are in contact with
several other particles simultaneously. This other particles prevent
this undesirable relative rotation by means of the elastic and cohe-
sive forces.

To model fracture, these forces must have a validity range,
a threshold value after which they cease to exist. In the present
case, all strains are added into one single quantity to be compared
with the fixed threshold value εth for the longitudinal strains and
an angular threshold θth for θ , leading to the following.

de-bonding condition:
|εn| + |εt |

εth
+ |θ |

θth
> 1, (15)

which is a modified version of the von Mises yield criterion com-
monly used in the beam model [36,4,37,3,35].

3. Brazilian tensile test

3.1. Simulation set-up

One common test used to measure the tensile strength of brit-
tle materials is the Brazilian tensile test [23], in which a disc sam-
ple is compressed along an axis parallel to its diameter, inducing
a tensile strain perpendicular to it. This tensile behaviour eventu-
ally produces a fracture along the compression axis. In Fig. 6(a)
the original configuration of the sample is shown and in Table 1,
a summary of the adopted set of parameters for most of the sim-
ulations of this paper is given.

The sample is built from an original 2D triangular mesh of a cir-
cle. The circle is then extruded in the direction perpendicular to its
plane in order to produce a cylinder divided into prism elements.
After the compression, shown in Fig. 6(b), the sample will exhibit
a vertical fracture, as reported in the literature [38], including also
the V-shaped damage zones at the points of contact.

3.2. Failure and elastic properties

The simulated force exerted on the loading plates is shown in
Fig. 7. Initially, before failure, the force grows linearly with com-
pression, as an elastic material would behave. It reaches a peak
Fmax value at about 1.8% strain, and then suddenly drops to zero,
showing an abrupt transition to failure. This abrupt decrease in
the force is well known in this fundamental test [39]. In most ex-
periments, despite the damage V-shape zones, a point contact is
assumed between the plates and the disk and the tensile strength
σt can be obtained from Fmax , the disk diameter D and thickness
T [34]:

σt = 2Fmax
. (16)
π DT



270 S.A. Galindo-Torres et al. / Computer Physics Communications 183 (2012) 266–277
Fig. 6. 3D Brazilian disc. (a) The disc is an extrusion of a 2D mesh in the direc-
tion perpendicular to the paper resulting into 1544 prism elements. (b) Disk after
compression on the verge of collapse.

Table 1
Set of parameters used in the simulations.

Parameter Value Unit

Kn 1.0 × 108 N/m
Kt 1.0 × 108 N/m
Gn 2.5298 × 103 1/s
Gt 0.0 1/s
μ 0.3
Bn 20.0 GPa
Bt 20.0 GPa
Bm 3.3 GPa
	t 1.5812 × 10−7 s
εth 0.02
θth 0.05 rad
	ha 1 cm

a Grid size in Voronoi tessellation.

Tensile strength is an intensive quantity and therefore it should
only depend on the bonding, elastic and threshold parameters. Our
construction (a 2D mesh extruded into 3D) guaranties that Bm and
θth do not affect the value of σt for this particular test. In Fig. 8
the tensile strength isshown for 5 adimensional parameters Bn/Br

n ,
Bt/Br

t , Kn/K r
n , Kt/K r

t and εth where the superscript r refers to
Fig. 7. Force exerted on the loading plates as a function of axial strain εa .

Fig. 8. Tensile strength as a function of 4 adimensional parameters and the critical
threshold εth (inset).

the reference value given in Table 1. As can be seen, the tensile
strength depends mainly on both Bt and εth , and hence the ten-
sile fracture is due to tangential displacements at the microscopic
level.

Another important quantity is the primary slope of the force
evolution (Fig. 7) before it reaches Fmax . This slope can be used to
indirectly measure Ec [34]. Hence it is an important variable to be
tuned by the elastic and cohesive constants. We define this slope
as:

S = 2.0F (εmax/2.0)

εmaxT
, (17)

where εmax is the strain at which the force is the maximum force.
Hence we are computing this slope at the middle point between
the origin and the maximum force to ignore the noise introduced
by the fracture. Fig. 9 shows the dependence of S on the elastic
and cohesive parameters. S can be mostly controlled by Kn with
a significant influence of Bt which can be tuned down for large
values of the ratio Bt/Bn .

It is useful at this point to invoke Buckingham Π theorem [40]
and conclude that this intensive quantities (σt and S) are a func-
tion of just 3 adimensional parameters: Kn/Kt , Bn/Bt and εth . The
adimensional forms of these functions are:
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Fig. 9. Slope S versus the 4 adimensional parameters.

σt

Bn
= Φσt

(
Bn

Bt
, εth

)
, (18)

S

Kn
= ΦS

(
Kn

Kt
,

Bn

Bt

)
. (19)

Although we do not have the analytical form of these functions,
their behaviour is shown in Figs. 8 and 9 which can be used as
calibration curves. Hence a suitable strategy to calibrate the sim-
ulation with experimental data is to first chose a value for Kn in
order to ensure that S/Kn lies in the range shown in Fig. 9. Af-
terwards, the values of Fmax and εmax can be tuned with Bn/Bt
and εth . Any variation induced in S by changing Bn/Bt can be cor-
rected by changing Kn/Kt again. This calibration method has been
used before in 2D [6] and sphere based simulations in 3D [15]
with excellent results. One advantage of our method is that in
sphere based simulations there is a fourth parameter to be con-
sidered: the porosity n [15] which affects the strength and elastic
properties. This is unnecessary in the presented model since for all
purposes the porosity is zero thanks to the arbitrary shape of the
grains.

4. True triaxial test

4.1. The set up

The True Triaxial Test (TTT) is useful to determine the macro-
scopic failure model of bonded, cohesive, or cohesionless granular
materials [41–46]. The 2D version, the biaxial test, has been used
as a virtual set up to explore the strength and elastic properties of
assemblies of polygonal particles [47–60] and also for 3D assem-
blies of particles with general shape [61–69].

In Fig. 10, the DEM model setup used in this research is shown,
in which the solid sample is enclosed by six square walls. The sam-
ple is made of a random array of 1000 Voronoi spheropolyhedra,
as explained in [22]. The Voronoi construction ensures a perfect
division of the solid with no internal voids. Moreover, each pair of
polyhedra produced by this method shares a common planar face
allowing the proposed bonding model to be easily implemented.
Finally the construction of the Voronoi array is random, so that
several samples can be simulated for the same parameter values,
in order to obtain expected values and estimations on the mea-
surement errors.

Some important quantities commonly used to analyse the re-
sults of true triaxial tests are defined as follows: the mean (p) and
deviatoric (q) stress invariants, and the volumetric (εv ) and devia-
toric (εd), strains as defined by:
Fig. 10. (a) Cohesive block divided into an array of 1000 Voronoi spheropolyhedra.
(b) The same block inside the True Triaxial Test set up.

p = σ1 + σ2 + σ3

3
, (20)

q =
√

(σ1 − σ2)2 + (σ1 − σ3)2 + (σ2 − σ3)2

2
, (21)

εv = ε1 + ε2 + ε3, (22)

εd =
√

2

3

(
(ε1 − ε2)2 + (ε1 − ε3)2 + (ε2 − ε3)2

)
(23)

in which σi are the principal stress invariants, and εi are the prin-
cipal strain invariants. Extension strains are taken as positive.

4.2. Elastic properties

The TTT offers another possibility to measure the elastic prop-
erties of the simulated material before doing fracture simulations.
With a simple compression test, the Poisson ratio ν and compres-
sion modulus Ec can be measured by applying a constant strain
rate along the 3 axis and a zero pressure along the other two di-
rections to represent and unconfined test. By measuring the strains
in the 1 and 2 directions we have,
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Fig. 11. Poisson ratio ν versus the 4 adimensional parameters.

Fig. 12. Compressive modulus Ec versus the 4 adimensional parameters.

ν = −ε1 + ε2

2ε3
, (24)

where the numerator has been divided by 2 to account for pos-
sible differences between ε1 and ε2. For perfect isotropic samples
the two strains should be equal, but the Voronoi construction in-
troduces imperfections that need to be considered. Fig. 11 shows
how ν depends on the elastic and cohesive parameters. It is a com-
plex function of Kn , Bn and Bt with practically no effect from Kt .
For small values of Kn , ν is small. Again this is an effect form the
ramp function of Eq. (11). In contrast, it does decrease with the
bounding constants. As the bounding contacts become stiffer, it is
more difficult to produce the Poisson’s effect.

With the same test, the compressive modulus,

Ec = σ3

ε3
(25)

can be measured. Fig. 12 shows that Kn strongly affects Ec just
as it also affects S for the Brazilian test. Ec is also changed by
Bt mainly due to the sliding of the Voronoi polyhedra along the
common faces during the compression test.

On the other hand, Fig. 13 shows the tensile modulus Et . It is
measured with the same TTT set up but now a positive strain rate
is applied. To ensure the sample is being pulled apart, the walls
are attached to the grains in contact with the them with the same
cohesive normal force of Eq. (11) but with no tangential forces. As
Fig. 13. Tensile modulus Et versus the 4 adimensional parameters.

can be seen the elastic constants Kn and Kt do not affect Et , it
is only affected by the cohesive constants. This is expected since
when the sample is subjected to extensive stresses, the individual
grains are separated form each other and Eq. (6) does not apply.

In a similar way as we did for the Brazilian test, it can be said
that

Ec

Bn
= ΦEc

(
Kn

Kt
,

Bn

Bt

)
, (26)

Et

Bn
= ΦEt

(
Bn

Bt

)
, (27)

ν = Φν

(
Kn

Kt
,

Bn

Bt

)
. (28)

Again Figs. 11, 12 and 13 can be used for calibration by initially
choosing a value for Bn to ensure that Ec/Bn lies in the range of
Fig. 12 and then tune ν with the cohesive constants. Any alter-
ation to Ec can be corrected solely by Kn/Kt . Et is easier to fit
since it only depends on Bn/Bt . The dependence on Bt can also be
explained by the fact that in the Voronoi construction some parti-
cles will slide against each other when the sample is extended and
then Eq. (13) applies. If the Voronoi mesh is changed by a uniform
mesh of cubes, there would be no tangential sliding and therefore
Et = Bn and ν = 0. This dependence of the elastic properties on
the constitutive mesh demands further study.

As a final step to validate the method to measure the elastic
properties, a cantilever beam was simulated as shown in Fig. 14.
It was built from a mesh of 1250 Voronoi spheropolyhedra. The
dimensions are a length of L = 50 cm and a square cross section
of side s = 5 cm. The elastic and cohesive parameters are Kn =
Kt = 5.0 × 108 N/m and Bn = Bt = 200 GPa which produces Ec =
674 GPa. At each boundary there is a plate similar to the ones used
for the Brazilian test simulations. The left plate is fixed and there
is a force F = 6.0 × 104 N applied in the right plate center.

By keeping s small, Euler’s beam theory [70] can be used to
determine the deviation w of the cantilever’s middle plane along
the x coordinate as:

w(x) = F x2(3L − x)

6Ec I
, (29)

where I = s4/12 is the second area moment [70] of the square
cross section. To find the middle plane of the Voronoi cantilever,
at the beginning of the simulation each particle vertex was check
and the ones close to this plane (by a distance of 0.05L) were
tagged. At the end of the simulation, the tagged vertices’ vertical
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Fig. 14. A cantilever simulated by a 1250 Voronoi spheropolyhedra mesh limited by two vertical plates and with a force F applied to the right one.
Fig. 15. Deflection of the cantilever middle plane obtained from the DEM simulation
and compared with Eq. (29).

displacement is recorded. The results are shown in Fig. 15 and a
fair agreement between Euler’s theory and the DEM simulation is
found.

4.3. Stress paths

The stress path applied in the following TTT simulations in or-
der to “break” the sample is the p-constant path number (2) as
sketched in Fig. 16. In this case, the breakage will occur due to a
deviation of one or more stress components with respect to each
other. This deviation is measured by an increase of the q invariant.
Nonetheless, to initialise the system in a fairly stable condition,
an isotropic loading (path number (1) in Fig. 16) is first applied.
Thus, the testing has two stages: (1) isotropic compression with
σ1 = σ2 = σ3; and (2) application of a constant strain rate along
the z-direction, compressing the sample, in which σ3 will increase.
To keep p constant, σ1 and σ2 will have to decrease.

Achieving a p-constant path is relatively easy with a strain-
controlled path. The walls perpendicular to the z-axis are moved
with constant velocity and the force exerted on these walls by the
sample is used to compute the vertical stress σ3. The stresses σ1
and σ2 are determined by considering the constant pressure con-
straint. However, there is an important exception to be considered:
if the applied pressure p is small, there may be cases in which σ3
is also small enough to result in positive (tension) values for σ1
and σ2, meaning that eventually the vertical planes will lose con-
tact with the sample. This is an undesirable, but natural, effect for
the current study. In order to avoid this problem, the particles in
contact with the walls are attached to them. They are subjected to
the same normal cohesive force given by Eq. (11), but not including
the tangential force nor the restitution torque. Also, the breaking
threshold is suppressed for these special joints (walls–particles).
Hence, when the horizontal stresses are positive they actually are
pulling the sample apart.
Fig. 16. Stress paths applied in the DEM simulation of a true triaxial test.

Fig. 17. Simulated behaviour during the loading path number (2) (shearing). The
vertical arrow indicates the direction of confining pressure increase. The 6 values
for p are: 110, 130, 150, 170, 190 and 210 MPa.

4.4. Preliminary results

Simulations with different initial pressures are carried out. The
results are shown in Fig. 17. Cases with and without cohesion
are investigated. Where cohesion is present, for low pressures the
sample behaves like a brittle material. It has a peak value for q
and it then goes to a residual state. The peak value is preceded by
a linear increment typical of an elastic material. The peak stress
is almost unnoticeable at high pressures, being overtaken by the
frictional residual state. Indeed, by observing the sample without
cohesion the residual state can be described entirely by a frictional
failure.

It is well known that, for a purely frictional cohesionless mate-
rial, the mathematical representation (failure model) that best fits
the observed data will be a straight line in the p–q plane. This is
why this residual stress value grows as the pressure increases. The
peak stress is related to both the frictional and cohesive thresh-
olds. In Fig. 18, the peak stress is shown for two different breaking
strain values εth (see Eq. (15)) for the individual particle pairs. The
results demonstrate that the peak stress value is strongly related
to the cohesive breaking point as expected. Indeed a higher mi-
croscopic strain threshold allows the sample to be deformed to
a higher degree before reaching the cohesive failure. This results
agrees with the previous measurement of the tensile strength σt
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Fig. 18. Simulated behaviour, during shearing, with two different threshold val-
ues εth .

Fig. 19. Simulated behaviour, during shearing, with two different friction coeffi-
cients μ.

mentioned before in the Brazilian test simulation (see Fig. 8). How-
ever, it also depends on the friction angle, as shown in Fig. 19. It
can be concluded that there is a superposition of two different
failure processes: (1) de-bonding or de-cohesion — characterised
by the breaking threshold strain εth —; and (2) sliding (frictional
failure) — characterised by the friction coefficient μ —, both af-
fecting the peak stress. This superposition of effects has also been
found in disc-based DEM simulations [71]. This will be studied
in detail in the following section when the failure surface is ob-
tained.

The predicted macroscopic volumetric behaviour resembles the
one a brittle material would exhibit. As seen in Fig. 20, initially
there is only compression on the sample for both the cohesive
and cohesionless samples. However, while the cohesionless sam-
ple quickly starts dilating, the cohesive sample only expands once
it reaches the peak stress. Afterwards, they both show similar dila-
tancy angles. The dilatancy is expected to be similar for both cases
since it is related to the residual state, which in turn is related
to the friction coefficient [71]. It is important to mention that al-
though in Fig. 18 q reaches a saturation value, this is not necessary
related to a value of zero for the dilatancy angle as has been ob-
served in triaxial test simulations of loose soils [29]. This indicates
that after an important portion of the bounding contacts are bro-
Fig. 20. Obtained dilatancy behaviour.

Fig. 21. Failure envelope for the peak stress for both: bonded and de-bonded sam-
ples.

ken, the sample behaves like a loose granular assembly with the
grains formed by small clusters of particles that are still attached
to each other.

4.5. Failure surface

Applying the p-constant path described earlier, the macroscopic
failure model can be investigated. This model is represented by a
surface in the stress tensor space or by a curve in the space of
stress invariants p and q — the so-called failure envelope. For each
confining pressure, eight different random simulations were under-
taken in order to find the shape of the curves of an eventual failure
model with the average value obtained with these realisations.

In Fig. 21, the average results are shown as well as the stan-
dard deviation representing by error bars. Analogously as observed
in Fig. 17, the bonding effect on the peak stress is superseded by
the frictional failure point. After a given pressure (approximately
140 MPa) the failure envelope becomes reasonably linear. Except
for the initial (peak) vertical shift, it has the same slope as the
non-cohesive failure envelope. This initial part of the envelope,
representing higher strength, is due mainly due to the bonding ef-
fect. By observing Figs. 18, 19, 20 and 21 we may conclude that
after the breakage of most of the bonds, the sample becomes a
loose granular assembly enclosed in the TTT set-up. This is the
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Fig. 22. Peak strength envelope fitted with the Hoek–Brown model. Fitting parame-
ters are A = 203.3 ± 10.1 MPa and B = 69.3 ± 2.6 MPa and the correlation factor is
R2 = 0.9944.

reason that at the end, for high enough pressures, the failure en-
velope is mainly frictional.

The results also show a peak strength even for the case of zero
confining pressure. In this case, the walls are barely touching the
sample, but still some work needs to be done in order to break the
bonds. This work comes from the shearing processes producing a
non-zero peak strength even for the unconfined test. This, as well
as the curve shape of the peak strength envelope, is a common
feature, usually observed in rocks [72].

The empirical failure criterion model of Hoek–Brown [73] is
commonly used to describe the shape of the peak strength enve-
lope. This criterion is usually expressed in terms of the maximum
principal stress σ1 and the minimum one σ3 at failure, as fol-
lows:

σ1 = σ3 +
√

Aσ3 + B2, (30)

in which A and B are the fitting parameters, with pressure dimen-
sions. Expressed in terms of the pressure and deviatoric stresses
this relation becomes:

q = 1

6

(√
A2 + 36Ap + 36B2 − A

)
. (31)

Fig. 22 shows the results of the fitting of the Hoek–Brown
model to the subset of data corresponding to the peak strength
envelope of Fig. 21.

4.6. Burst statistics

As outlined in the literature [1], burst avalanches play an impor-
tant role in characterising fracture-failure phenomena. When one
element on the ensemble fails, suddenly the stress is redistributed
among the remaining elements, causing further failures. If several
elements fail simultaneously, a macroscopic failure is detected by
this avalanche effect. Experimentally, it has been shown that this
micro-fracture process can be measured by the acoustic emissions
they produce [74] and that the distribution of emissions per time
interval follows a power law.

In Fig. 23, the correlation between the avalanche of broken
bonds and the peak strength is shown. There is an initial incre-
ment of broken bonds due to the shearing process, but it reaches
a stable value and does not mark the onset of the avalanche effect.
A second accelerated increment occurs and this one signals the
initiation of macroscopic failure. This phenomenon is consistently
Fig. 23. Deviatoric stress q evolution (left axis, solid line) compared with the bond
breaking dynamics (right axis, dashed line). The vertical line marks the origin of the
second breaking avalanche related to the peak failure point.

Fig. 24. Histogram of number of broken bonds over a given time span in log–log
scale. The line represents power law fitting.

found in all the experiments described herein. Once the second
stable state is reached, the system enters frictional failure and no
more bonds are broken; i.e., the failure is entirely frictional.

It has been reported that the distribution of burst produced
over a given time span follows a power law [75,1]. In Fig. 24, the
histogram of broken bonds for all the realisations considered is
shown. In the present case, the fitted exponent of this (power-law)
distribution is −1.51 ± 0.03.

To have a random distribution of broken bonds, a random dis-
tribution of breaking thresholds is also needed. Eq. (15) ensures a
uniformly distributed threshold value among all the bonds if the
contact area A remains the same. By Eqs. (11), (13) and (14) for
the same parameters; the only value that is different is the face
area A. In the case of the Voronoi construction, the area of the dif-
ferent spheropolyhedra is also randomly distributed (Fig. 25). This
distribution for the area is fitted with a simple spline function. The
shape of the obtained distribution function for Voronoi face area is
similar to some previously found in Voronoi tessellations of uni-
form packings of spheres [76].
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Fig. 25. Histogram of face area for the different bonds considered in the Voronoi
construction. The solid line exists for visual aid.

5. Conclusions

In this paper, a method to model bonded (or cohesive) granular
materials formed by discrete particles of arbitrary shapes has been
proposed. The model is the combination of the spheropolyhedra
approach to model collision of polyhedral particles with a set of
cohesive elements joining particles sharing a common face. In the
presented simulations close packings of particles are generated by
random meshes such as the Voronoi tessellation.

Simulations with the Brazilian tensile test demonstrate the ca-
pabilities of the presented model, which reproduces some typ-
ical features observed in this test. In particular, the vertically-
orientated crack and the sudden drop in the contact force that in-
dicates the onset of the global failure of the disc are observed. The
primary slope and tensile strength can be controlled by the pa-
rameters of our model. The tensile strength depends mainly on the
fixed strain threshold for breakage as well as the microscopic co-
hesive constants, while the elastic behaviour given by the primary
slope is affected mainly by the contact spring law for collision.

Cubic blocks made of Voronoi particles were simulated in a vir-
tual true triaxial test TTT. With it more elastic properties were
observed. We concluded that the compressive modulus depends
on the collision law while the tensile modulus depends on the
cohesive force. In contrast, Poisson’s ratio is a complex function
of both elastic and cohesive parameters. After the elastic proper-
ties were measured, a cantilever simulation was done to validate
our model with the well-known Euler’s beam theory of elastic-
ity given a fair agreement between the proposed model and the
classical theory. Triaxial test simulations were also carried out to
observe the macroscopic mathematical failure envelope. For low
pressures, a peak Hoek–Brown strength envelope is observed. As
the pressure increases, this envelope becomes the frictional failure
envelope. It has also been found that the peak strength is made
up by superimposed contributions of both frictional and bonding
failure phenomena. On the other hand, the residual state is mostly
produced purely by the friction effects. This additive nature of peak
strength has been reported elsewhere in 2D simulations with disks
only [71]. Moreover, the predicted Hoek–Brown failure envelope is
commonly found in rocks and over-consolidated clays where the
cohesive interactions between particles are strong.

Finally, a relationship between the sudden increment in the
number of broken bonds with the initiation of failure has been
found. This avalanche effect is usually modelled by a power law
distribution, which is supported by the present results. For in-
stance, after sampling all of the realisations considered, a power
law exponent of −1.51 ± 0.03 was found for the system. It is im-
portant to point out that this power law distribution is due to
the random distribution of contact areas produced by the Voronoi
construction. This area distribution translates into a random distri-
bution of breaking thresholds for the cohesive elements.

In conclusion, the model allows simulations of solid bodies
with no internal voids, in contrast to previous studies in which
bodies are made of clumps of spheres. The model includes param-
eters representing the elastic response of the material, as well as
breaking thresholds to control its strength. In the series of test pre-
sented in this paper, the model has been shown to reproduce many
well-known features of failure and damage processes such as the
power law distribution of broken elements. The presented exam-
ples demonstrate how the model can be used to study complex
fragmentation processes in 3D that, so far, have been simulated
with spherical clusters only.
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